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2 Optimal Velocity model and delay OV model
$t$ , $n$ $x_{n}(t)$ , $(n+1$ $)$ $h_{n}(t)$
. $V(h)$ ( (OV) )
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(delay OV model):
$\dot{x}_{n}(t+\tau)=V(h_{n})$ , $h_{n}:=x_{n+1}-x_{n}$ (2.1)
,
$\dot{x}_{n}(t+\tau)\sim\dot{x}_{n}(t)+\ddot{x}_{n}(t)\tau+O(\tau^{2})$ (2.2)
, $\tau\sim 0$ 2 OV model
$\ddot{x}_{n}=a[V(h_{n})-\dot{x}_{n}]$ $(a=1/\tau)$ (2.3)
.
2.1 delay optimal velocity model
delay OV model $h_{n}$ :
$\dot{h}_{n}(t+\tau)=V(h_{n+1})-V(h_{n})$ (2.4)
, OV





$\dot{g}_{n}^{+}=(1-(g_{n}^{+})^{2})(g_{n+1}-g_{n})$ , $g_{n}(t)$ $:=\tanh(h_{n}(t)-c)$ (2.8)
$\dot{g}_{n}=(1-(g_{n})^{2})(g_{n+1}^{-}-g_{n}^{-})$ (2.9)
. semi-discrete OV model .
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2.1.1 sd OV model
sd OV model




$vG’(u)=(1-G(u)^{2})[G(u+1)-G(u-1)]$ , $(u=2n+vt,$ $v\tau=1)$ $($212 $)$
,
$sn(u+v)=\frac{snucnvdnv+snvcnu}{1-k^{2}sn^{2}us^{\backslash }n^{2}v}$




2sn $\alpha\frac{d}{dx}$ $(k$ sn $\alpha$ sn $x)=(1- (k sn \alpha sn x)^{2})(k sn \alpha sn(x+\alpha)-k sn \alpha sn(x-\alpha))(2.15)$
$x=\alpha u$
$G(u)=ksn(\alpha,$ $k)sn(\alpha u;k)$ , $\frac{2sn(\alpha;k)}{\alpha}=v=\frac{1}{\tau}$ $($2.16$)$
. , sd OV model
$g_{n}(t)=\pm ksn(\alpha;k)$ sn $( \alpha(2n+vt);k)=\pm\frac{k\alpha}{2\tau}$ sn $( \alpha(2n+\frac{t}{\tau})$ ; $k)$
(2.17)
$=\pm ksn(\alpha;k)$ sn $(2\alpha n+2sn(\alpha;k)t;k)$
. , $k$ $\alpha$ free parameter .
$k=1$
$g_{n}(t)=-\tanh(\alpha)\tanh(2\alpha n+2\tanh(\alpha)t)$ (2.18)
, . , .
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3 Ultra-discrete $mKd\vee$ equation
3. 1 Ultra-d iscrete $mKd\vee$ equation
, [3] ultra-discrete $mKdV$ .
[5] full discrete mKdV
$v_{j}^{t+1} \frac{1+\delta v_{j+1}^{t+1}}{1+av_{j}^{t+1}}=v_{j}^{t}\frac{1+\delta v_{j-1}^{t}}{1+av_{j}^{t}}$ (3.1)
,













$1= \exp\frac{V_{j}^{t}}{\epsilon}$ , $\delta=\exp\frac{-L_{j}^{t}}{\epsilon}$ , $a=- \exp\frac{-M_{j}^{t}}{\epsilon}$ , $\epsilonarrow+0$ (3.8)
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$L<M$ , ultra-discrete $mKdV$
$V_{j}^{t+1}+ \max(0, V_{j+1}^{t+1}-L)-max(O, V_{j+1}^{t+1}-M)$
$=V_{j}^{t}+ \max(0, V_{j-1}^{t}-L)-\max(O, V_{j-1}^{t}-M)$ (3.9)
.
3.2 Shock solution $($ Kink)
3.2.1 Kink solution of the $mKd\vee$ equation
, $mKdV$
$s_{t}+6as^{2}s_{x}+ \frac{1}{4a}s_{xxx}=0$ $($3.10$)$
$s(x,$ $t)=\alpha f$ , $f=\tanh\phi$ , $\phi=x-ct$ $($ 3.11 $)$
, $f’=1-f^{2}$
$s_{t}=\alpha f’\phi_{t}=-\alpha cf’=-\alpha c(1-f^{2})$ , $s_{x}=\alpha f’\phi_{x}=\alpha(1-f^{2})$ (312)




$c=- \frac{1}{2a}$ , $6a \alpha^{2}+\frac{3}{2a}=0$ . $\cdot$ . $\alpha=\pm\frac{\sqrt{-1}}{2a}$ $($3.15 $)$
kink
$s(x, t)= \pm\frac{\sqrt{-1}}{2a}$ tann$(x+ \frac{1}{2a}t)$ (3.16)
.
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3.2.2 Kink solution of the sd $mKd\vee$ equation
, sd mKdV
$\dot{r}_{j}=r_{j}(1+ar_{j})(r_{j+1}-r_{j-1})$ $($3.17$)$








$\frac{c}{2\tanh\alpha}=\gamma(1+a\gamma)$ , $1+2a\gamma=0$ , $-c\tanh\alpha=a\beta^{2}$ (3.22)
$\gamma=-\frac{1}{2a}$ , $\beta=\pm\frac{\tanh\alpha}{2a}$ , $c=- \frac{\tanh\alpha}{2a}$ (3.23)
, kink
$r_{j}(t)=- \frac{1}{2a}\pm\frac{\tanh\alpha}{2a}\tanh(\alpha j-\frac{\tanh\alpha}{2a}t)$ (3.24)
.
, $\alpha\sim 0$ , $\tanh\alpha=\alpha-\alpha^{3}/3+\cdots$
$r_{j}(t)=- \frac{1}{2a}\pm\frac{\alpha-\frac{\alpha^{3}}{32}+}{a}\tanh((j-\frac{1}{2a}t)\alpha+\frac{t}{6a}\alpha^{3}+\cdots)$
(3.25)
, continuous $mKdV$ kink
.
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3.2.3 Kink solution of the full discrete $mKd\vee$ equation
, [6] , tau
$v_{j}^{t}= \beta\frac{\kappa_{j-2}^{t-1}\sigma_{j}^{t}}{\kappa_{jarrow 1}^{t-1}\sigma_{j-1}^{t}}$ (3.26)
fd $mKdV$
$v_{j}^{t+1} \frac{1+\delta v_{j+1}^{t+1}}{1+av_{j}^{t+1}}=v_{j}^{t}\frac{1+\delta v_{j-1}^{t}}{1+av_{j}^{t}}$ (3.27)
kink .
,




















, $\delta,$ $a,$ $K$ $L,$ $\beta$ :
$L= \frac{-(K^{2}-2\gamma K+1)\pm(K-1)\sqrt{(K+1)^{2}-4\gamma K}}{2(\gamma-1)K^{2}}$ (3.35)
, $\gamma=0$ ,
$L= \frac{(K^{2}+1)\pm(K-1)(K+1)}{2K^{2}}=1,$ $\frac{1}{K^{2}}$ (3.36)
, $\deltaarrow 0$ $Larrow 1/K^{2}$ $\beta$ , $Larrow 1$
.
$L= \frac{(K^{2}-2\gamma K+1)+(K-1)\sqrt{(K+1)^{2}-4\gamma K}}{2(1-\gamma)K^{2}}=1+\frac{K-1}{K+1}\frac{\delta}{a}+O(\delta^{2})$ (3.37)
. ,
$\beta=\frac{-K-1+\sqrt{(K+1)^{2}-4K\delta/a}}{2\delta}=-\frac{K}{a(K+1)}-\frac{K^{2}}{a^{2}(1+K)^{3}}\delta+O(\delta^{2})$ (3.38)










$\kappa_{j}^{t}\equiv 1$ , $\sigma_{j}^{t}=1+K^{j}L^{t}$ (3.43)
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,$v_{j}^{t}= \beta\frac{\sigma_{j}^{t}}{\sigma_{j-1}^{t}}=\beta\frac{1+L^{t}K^{j}}{1+L^{t}Kj-1}$ (3.44)
$L= \frac{K^{2}-2\gamma K+1+(K-1)\sqrt{(K+1)^{2}-4\gamma K}}{2K^{2}(1-\gamma)}=1+\frac{K-1}{K+1}\frac{\delta}{a}+O(\delta^{2})$ (3.45)
$\beta=-\frac{2}{a(1+K+\sqrt{(1+K)^{2}-4\gamma K})}=-\frac{1}{a(1+K)}-\frac{K}{a^{2}(1+K)^{3}}\delta+O(\delta^{2})$
(3.46)
, $\gamma=\delta/a$ . ,
$v_{j}^{t}=- \frac{1}{2a}\frac{(LK-1)(K+1)}{K^{2}L-1}[1+\frac{K-1}{K+1}\frac{L^{t}K^{j-1}-1}{L^{t}K^{j-1}+1}]$
$\delta 0\vec{arrow}-\frac{1}{2a}[1+\frac{e^{2\alpha}-1}{e^{2\alpha}+1}\frac{\exp(2\alpha(j-1)-\frac{e^{2a}-1}{}\frac{t}{a})-1}{\exp(2\alpha(j-1)-\frac{e-1e_{2\alpha}\alpha+1}{e^{\prime g_{\Phi}}+1}\frac{t}{a})+1}]$ (3.47)
$=- \frac{1}{2a}-\frac{\tanh\alpha}{2a}\tanh(\alpha(j-1)-\frac{\tanh\alpha}{2a}t)$
.
4 Ultra-discrete Optimal Velocity model














, fd $mKdV$ ,
$v_{j}^{t}=- \frac{1}{2a}(1+\overline{v}_{j}^{t})$ (4.7)
$v_{j} \prec=\frac{v_{j}^{t}}{1+av_{j}^{t}}=-\frac{1}{a}\frac{1+\overline{v}_{j}^{t}}{1-\overline{v}_{j}^{t}}$, $\overline{v}_{j}^{t}=\frac{a\tilde{v}_{j}^{t}+1}{a\tilde{v}_{j}^{t}-1}$ (4.8)




















$g_{n}(tarrow\tau)=g_{n-1/2}(t)$ $(\forall n)$ (417)
. sd mKdV
$\overline{r}_{j}(-\delta t-\tau)=\overline{r}_{j-1}(-\delta t)$ (4.18)
. , full discrete
$-\delta=\tau$ , $\overline{v}_{j}^{t-1}=\overline{v}_{j-1}^{t}$ (4.19)
. , , fd mKdV
$\frac{4a-2\delta}{\delta}(\overline{v}_{j}^{t+1}-\overline{v}_{j}^{t})=(1-\vec{v}_{j}^{t})(1+\vec{v}_{j}^{t+1})\vec{v}_{j}^{t}\ddagger^{1}1-(1-\vec{v}_{j}^{t+1})(1+\overline{v}_{j}^{t})\overline{v}_{j-1}^{t}$ (4.20)
$a=- \frac{1}{4}$ , $\delta=-\tau$, (4.21)
$\overline{v}_{j-1}^{t}=\overline{v}_{j}^{t-1}arrow u_{n}^{t-1}$ , $\overline{v}_{j}^{t}arrow u_{n}^{t}$ , $\overline{v}_{j}^{t}\ddagger^{1}1=\overline{v}_{j+2}^{t}arrow u_{n+1}^{t}$ (4.22)
,
$\frac{1-2\tau}{\tau}(u_{n}^{t+1}-\prime u_{n}^{t})=(1-u_{n}^{t})(1+u_{n}^{t+1})u_{n+1}^{t}-(1-u_{n}^{t+1})(1+u_{n}^{t})u_{n}^{t-1}$ (4.23)
full discrete OV model .




4.2 Ultra-discrete OV model
ud mKdV fd $mKdV$
$\tilde{v}_{j}^{t+1}\frac{1+(\delta-a)^{\prec+1}v_{j+1}}{1-a\overline{v}_{j+1}^{t+1}}=\tilde{v}_{j}^{t}\frac{1+(\delta-a)\tilde{v}_{j-1}^{t}}{1-a\tilde{v}_{j-1}^{\iota}}$ (4.25)
$\tilde{v}_{j}^{t}=\exp\frac{V_{j}^{t}}{\epsilon}$ , $\delta=\exp\frac{-D}{\epsilon}$ , $a=- \exp\frac{-A}{\epsilon}$ , $\epsilonarrow+0$ (4.26)
. $a<0,$ $\delta>0$ . , $(0<)D<A$ ,
$V_{j}^{t+1}+ \max(0, V_{j+1}^{t+1}-D)-\max(0, V_{j+1}^{t+1}-A)=V_{j}^{t}+\max(0, V_{j-1}^{t}-D)-\max(0, V_{j-1}^{t}-A)$
(4.27)
. ,
$\tilde{v}_{j}^{t}=\frac{v_{j}^{t}}{1+av_{j}^{t}}$ , $v_{j}^{t}=- \frac{1}{2a}(1+\overline{v}_{j}^{t})$ (4.28)
,
$\overline{v}_{j}^{t}=\frac{a\tilde{v}_{j}^{t}+1}{a\tilde{v}_{j}^{t}-1}=\tanh\frac{V_{j}^{t}-A}{2\epsilon}$ (4.29)
. , delay OV model
$g_{n}(t)=\tanh(h_{n}(t)-c)$ (4.30)





$a=- \frac{1}{4}$ , $\delta=-\tau$ , (4.32)








$0< \delta-a=-\tau+\frac{1}{4}arrow 0$ (4.37)






$H_{n}^{t+1}+ \max(0, H_{n+1}^{t}-C-T)-\max(O, H_{n+1}^{t}-C)$
(4.40)
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